Macroscopic nonextensive thermodynamics is studied without recourse to microscopic statistical mechanics. It is shown that if entropy is nonextensive, the concept of physical temperature introduced through the generalized zeroth law of thermodynamics necessarily leads to modifications of the first law of thermodynamics and some of thermodynamic relations including Clausius' definition of thermodynamic entropy. It is also shown, by applying this generalized Clausius entropy to a composite nonextensive system, how the nonextensive entropy and the quantity of heat consistently behave in an arbitrary thermodynamic process. An important point emerging from this is that the entropy coefficient is explicitly present in the macroscopic nonextensive theory.
There is a growing interest in thermodynamically exotic systems, which possess long-range interactions, long-term memories, (multi)fractal structures or more generically spatio-temporal complexities. A remarkable point is that, in treating such systems, it seems advantageous to relax the extensivity condition on entropy [1, 2] . So far, almost all efforts devoted to understanding these nonextensive systems are based on statistical mechanical considerations. Although such a microscopic approach is essential, the state of the art is not completely satisfactory until the corresponding macroscopic thermodynamic theory is consistently formulated. Taking into account the fact that the ordinary thermodynamic framework depends crucially on the assumption of extensivity of entropy [3] , it is of crucial importance to elucidate the effects of nonextensive entropy on thermodynamics.
In this paper, we study the basic structure of purely macroscopic thermodynamics of nonextensive systems without recourse to microscopic statistical mechanical considerations. This is done by taking the Tsallis nonextensive entropy [4] as an explicit example. The guiding principles on which we base our discussion are the generalized zeroth, first and third laws of thermodynamics and the thermodynamic Legendre transform structure. A main feature of the difference between extensive and nonextensive theories is found to arise from the definition of physical temperature through the generalized zeroth law of thermodynamics. Then, it turns out that some of ordinary thermodynamic relations including Clausius' definition of thermodynamic entropy have to be appropriately modified. We apply these relations to a composite nonextensive system and show how the quantity of heat and the entropy consistently behave in any thermodynamic processes. We shall see that the entropy coefficient, which connects the microscopic and macroscopic concepts, is explicitly present in the macroscopic nonextensive theory.
The definition of physical temperature should be supplied by the transitive rule, i.e. the equivalence relation, in the generalized zeroth law of thermodynamics. This is a nontrivial issue if entropy is not extensive. As a specific example, let us consider the Tsallis entropy [4] . For our purpose, it is sufficient to employ its pseudoadditivity property, which is stated as follows. If the total system is composed of two independent subsystems, A and B, in thermal contact with each other, then the total Tsallis entropy
where q is the positive entropic index whose deviation from unity describes the degree of nonextensivity of the system. This quantity is assumed to converge to the ordinary Clausius entropy in the extensive limit q → 1. k is the entropy coefficient having the same dimension as S q . It may depend on q, in general, and tends to the Boltzmann constant, k B , in the extensive limit. Thermal equilibrium may be characterized by the maximum of S A B q , ( ) under the condition of the fixed total internal energy
where
Here and hereafter, we assume that c is positive for any q > 0. β * is the separation constant, which characterizes the two subsystems in equilibrium. Thus, Eq. (3) defines an equivalence relation in the generalized zeroth law of thermodynamics. To identify physical temperature, a thermometer has to be introduced and the transitive rule of the equivalence relation has to be used for the subsystems, A and B, and the thermometer.
In ordinary physical situations, the thermometer is thought of as an extensive system.
Hence, here is a problem regarding the composite entropy of subsystems with different values of q. Although such a composition law for the nonextensive entropies is not fully understood yet [9] , still it is possible to formulate the generalized zeroth law of thermodynamics [10] . Consequently, physical temperature is given by
Physical pressure may be defined in a similar manner by further considering mechanical equilibrium [5] . In this case, we maximize the total entropy with fixing the total volume V A B V A V B , ( ) = ( ) + ( ). This procedure yields
Therefore, physical pressure is given by
Before proceeding, here we make a comment on the above formulation of thermal equilibrium. The concept of "composability" [11, 12] 
This expression is however unsatisfactory since it is not written in terms of physical temperature. Using T phys in Eq. (6), we rewrite Eq. (9) as follows:
The derivative of this quantity is given by
On the other hand, differentiation with respect to V leads to
Therefore, in view of Eq. (12), the first law of thermodynamics turns out to be modified as follows:
where Q q is the quantity of heat. Using Eq. (13) in Eq. (11), we have
Thus, Clausius' definition of entropy is found to be modified for nonextensive systems as follows:
Also, the equation of state is found to be given by
Similarly, we can calculate the specific heat. From Eqs. 
Thus, in view of its standard expression in ordinary extensive thermodynamics, the specific heat is seen to remain form invariant under the present nonextensive generalization.
A main feature of nonextensivity is condensed in Eq. (15). In what follows, we wish to apply this generalized Clausius entropy to a system composed of two nonextensive subsystems, A and B, in thermal equilibrium. For this purpose, it is convenient to rewrite Eq. (15) in the form: 
Therefore, we obtain Taking the derivative of Eq. (24) by slightly changing the final state P, we have
which can be recast into the following form:
or equivalently
where Eq. (5) has been used. It should be noted that the entropy coefficient, k, which connects the microscopic and macroscopic concepts, explicitly appears through the factor c as in Eq. (5) and can never be removed from the macroscopic nonextensive theory.
In conclusion, we have developed macroscopic nonextensive thermodynamics without recourse to microscopic statistical mechanics. This has been done using the Tsallis nonextensive entropy as an example. We have defined physical temperature and pressure through the generalized zeroth law of thermodynamics and have presented a set of nonextensive thermodynamic relations. We have shown that both the first law of thermodynamics and Clausius' definition of entropy have to be appropriately modified.
Then, applying the generalized Clausius entropy to a composite nonextensive system, we have seen how the nonextensive entropy and the quantity of heat consistently behave in an arbitrary thermodynamic process. We have found that the entropy coefficient is
